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the  ~;rwss wclf.,ht o f  a t \ :o -c tny ;e  v c h i c l t .  
v a l u e  o f  t o t a l  c h a r a c t e r i s t i c  v e l o c i t y ,  
T h e  f:cncral o p t l n i z a t i o n  problcyn i s  f i r s t  :;olvc ti I n  i n i p l i c l  t 
form, and  a comple te  e x p l i c i t ;  s o l u t i o n  is c b t a l n e d  f o r  t h e  
case  where t h e  two s tages  have  the  :'z.me s p c c i f l c  i m p u l s e .  
I3nsc.d on  t h i s  s p c c i a l  z o l u t i o n ,  the  r o r c  ~:cncv:il case  o f  c l l f f c r -  
c n t  s p e c i f i c  i rnpu l scs  i s  s o l v e d  J n  c l o s e d  for*rn, l ( ~ a t l 1 r i t ;  t o  n 
f l  r s t  order. and a t h i r d  o r d e r  f o i ~ w 1  a. 
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s p e c i z l  ceses  of  fu6denEiItcl  ir:lpc,i*tcnce, including tile p e r t u r b e d  
g c n e r a l  solutlcn f o r  small d i f f e y t n c e s  in s ipcc i f ic  Impulse .  

G RO\!TH FACTOR COFiCIDERATIONS -- I -- 
The s t & g e  Grcwth Fzictor,  G, is d e f i n e d  a s #  

w, G --p 

C can  be d e f i n e d  sepizi-E6tely f c r  each ~ t i k g ~  or f o r  t h e  cr;L,bliiction 
o f  s t a g e s .  The combined f c c t o r  ificy rerdi3.y be expres sed  In 
t e r m s  of t h a  i n d i v i d u a l  s t z g e  fsctcr-s G1 and G2, &3 fc1lov:s: 

MG1 
f - 

"1 i' 
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G = G1G2 

b y  2 e f l n i t i o n ,  

P, %?:e 
I C  

Hence, t o t a l  s t age  weir_ t normallzed t o  t,,e payloac, may be  
c o n s i d e r e d  as  t h e  p r o d u c t  o f  t h e  i n d i v i d u a l ,  decoupled  s t a g e  
i;rowt;h f a c t o r s .  

S TAG E P Ex 17 1: PI ET E R HE: P RES ENrk TI 0 N FO R P RE L I M I I! A RY S TP. C E DES I G N 
I ~ - - - - -  -- ______ 

Two approbches  t o  preliminary stage s i z i n g  a re  partl- 

1 
cttla..rly c o n v c n i e r i t .  In t h e  f l r s t  t e c h n i q u e  it i s  assumed t h a t  
t h e  p r o p e l l a n t  f r a c t i o n  p a r a m e t e r s  A and A 2  may be c l o s e l y  
cpproxi ina ted  as constznts Indepcnden t  o f  s tage  : :e ight .  0f tc .n  
t h i s  i s  done  bF,sed cn observed p a s t  pcrfGrm2nCcs o f  s i m i l a r  
systcc;s,  and a p r l o r l  knowlcdge o f  pizrai l ic ter  v r . r l r t i c n  as a 
l 'unc t jon  of  s t q e  s l z e  azd t h r u s t .  
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It can  b e  r e c i d i l y  shown t h a t  in b o t h  c%r,c-s Gi may b e  
r e d u c e d  t o  t h e  form 

xhcrc  r 
d e f i n e d  as f o l l o w s :  

is t h e  s t s g e  mass r a t i o  stid a i i and Ri a r e  c c e f f l c i c n t s ,  

I 
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AVi = g,Ii t n  ioi 

g i v e n  AV, ( 4 )  and ( 5 )  

-P r2 = R r1 

%\ 
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(i = 

g i v e  

( 5 )  

( 7 )  
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cis a r e l z t i o n s h i p  r 
optln1zc.d t ro-s t . r r ,e  v e h i c l e .  Corrlbinfng cqurs t ions  ( 1 0 )  a:id ( 6 )  

arid r2 hsve to satisfy for a weight-  1 

now g ives  the "optimal equation" I 

This equaticn implicitly g ives  the solution to the optimization 
p r o b l e m  f o r ,  once F~ i s  tound  fitom (ll), r2 m y  be f o u i d  from 
( 6 )  ond  AV 
xi11 tic discuzscd next. 

Znd  t V 2  from ( 5 ) .  A s p e c i a l  s o l u t i o n  or the prloblem 1 

t 
, .  



1 

---R - 

In v i e w  of ( 7 )  and ( 6 )  t h i s  g ives  



2 s  v;ould b e  e x p e c t e d  f o r  th i s  case  ( s e e  Refcrcnce 1). 

I n  t h e  r i c x t  s e c t i o n  t h e  more g e n e r a l  c 2 s e  is t r e a t e d  
xhc1.e t h e  d i f f e r e n c e  b e t w e e n  the s p e c i f i c  i m p u l s e s  f o r  t h e  
t x o  s tages  I s  s m a l l  r e l a t i v e  t o  t h e i r  r e s p e c t i v e  v a l u e s .  This 
case i s  o f  p z r t i c u l a r  in ter .es t  s i n c e  s l l g h t  v a r i a t i o n  in s p e c i f i c  
i r - p u l s e  o f t e n  r e s u l t s  d u e  t o  a t m o s p h e r i c  e f f e c t s  and v z r i a t i o n  
i n  d e l i v e r e d  v a l u e s  beti.:cc-n engirles of d i f  f c r e n t  t h r u s t .  

PEWFUREATION C O L U T I O N  OF - _--_-- TIiE OPTIMAL -- ~ EQUATIOX -- -- --- 

As n o t e d  b e f o r e  l e t  
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T h i s  is  a t k l l r d  o r d e r  s o l u t l . o n  of the op t ima l  e q u a t i o n  i n  c losed 
form. 

I 

Fur h a n d  computation a f i r s t  o r d e r  f o r m l a  can  be 

\ 0 b t a i n t . d  b y  r e t u r n i n g  t o  e q u a t i o n  (18)  a n d ,  I n  t h e  s u b s e q u e n t  

e x p m s i o i i s ,  n e g l e c t j - n g  a l l  t 2 T i i i S  o f  o r d e r  t s o  i n  E ,  (---) 6r and 

comi:,inat i o n s .  T h e  rtsi:lt I s  a 11-necr cquat iDn,  instead of the 
% 

q u a d r a t t i c  fori:: ( 2 0 ) ,  k:hose . zo lu t i cn  I s  \ 
\ 



\ : i t h  

T t i i s  c o m b i n a t j o n  was C O J - L S ~ ~ ~ ~ C ~  w i t h  I - o t ~ L  v e l c c l t y  changes cf  
: O , O O O ,  2 0 , 0 0 0 ,  2nd 30,030 f p s .  T h e  x - s u l t s  of c m p u t a t i o n s  
elere BS shown i n  F i g i i r e s  1 to 3. 
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T h e  opti!T,al e q u a t i o n  (11) expresses a condition f o r  
t he  first stzlcc r a s s  f r a c t i c n ,  r t;nrler x h i c h  the gross  we igh t  

of a txo-stage v e h i c l e  w i l l  kc ni ; i i r . l zed .  For  a g i v e n  v a l u e  o f  
t f 3 t a l  c ! i s r s c t e r l s t i c  v e l o c l t j f ,  AIr, t h i s  is bn  i m p l i c i t  s o l u t i o n  
fcig t h e  o p t i m i z a t f o n  prcSlern. 

\ 1' 

Cased o n  t h e  c x a c t  solution f o r  t h e  s p e c i a l  case of  
equal  specific I : ? p u l s e s ,  . e x p l i c i t  solutfons t o  t h e  o p t l n a l  
cqv.atlon are oDt2ir;ed i n  c l o s e d  form. 1:umer ica l  examples and 
c < J : - . ~ z I - ~ s o ~ s  k c i t k i  C O I ,  ~ c n  z p p r o x i n z t i o n s  LI-~GW t h a t  the f f - s t  o r d e r  
forn :u la  C i v e s  gosd  r c s u i t s .  

. *  
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6 r  = v a r l a t l o i i  In ~ i a s s  fracticn 

A V  = characteristic velocity 

E = p e r t i i r b a t i o n  in p 

A = prcpellant fraction ( p p o p e l l a n t  .v;eight/c $;age E-elght;) 

P = 1 p 2  
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